Abstract. In this note, we establish the stability of positive solution to the following problem
Introduction
The aim of this note is to establish the stability of positive solution to the following biharmonic problem on Heisenberg group:
where Ω ⊂ H n is an open, smooth and bounded subset, a ∈ L ∞ (Ω) and f ∈ C(Ω × R, R). The nonlinearities of the type a(x)u − f (x, u) are known as logistic nonlinearity, see for instance [1, 7, 14, 17, 22, 23] and references therein.
This work is motivated by the recent works on polyharmonic equations, see for instance [2, 10, 16, 19, 24] , where the authors obtained stability properties of solution to polyharmonic equation with exponential nonlinearity, see [16, 19] and stability results to biharmonic equation, see [2, 10] and Liouville theorems for stable radial solution for the biharmonic operators, see [24] .
To the best of our knowledge there are no results on the stability of positive solution for the biharmonic operator in the Heisenberg group. For the existence of positive solution to problems similar to (1.1) in R n , we refer to [3, 9, 11, 12, 15, 21, 27, 28] and the references therein. For existence of positive solution for Kohn-Laplace operator on Heisenberg group, we refer to [6, 29] and references cited therein. For the existence of positive solution for biharmonic equation on Heisenberg group, we refer to [20] .
We make the following hypotheses on the nonlinearity f and weight a: (H1) Let f ∈ C(Ω × R, R) and C 1 in the y variable and satisfies
(H2) a(ξ)s − f (ξ, s) ≥ 0, for a.e. ξ ∈ Ω and for all s ∈ R.
The functional associated with (1.1) is
where
The weak formulation of (1.1) is the following:
where C 2 c (Ω) is the space of C 2 functions in Ω having compact support in Ω. The linearized operator L u associated with (1.1) at a given solution u is defined by following duality:
It is easy to see that L u is well-defined and the first eigenvalue of L u is given by
We say that the solution u of (1.1) is stable if
(Ω), see [25] for the definition of stability of solutions to biharmonic problems. Actually, (1.4) implies that the principal eigenvalue of the linearized equation associated with (1.1) is positive and hence the solution u of (1.1) is stable.
Throughout the article, the space
The main result of this paper is as follows, which we will prove in the last section. Theorem 1.1. Let (H1)-(H3) hold. Let u be a positive solution of (1.1). Then u is stable.
Section 2 deals with some preliminaries on the Heisenberg group. In Section 3, we give the proof of Theorem 1.1.
Preliminaries
We begin this section with the basics on Heisenberg group and the auxiliary results which are used in order to prove the main results. The Heisenberg group H n = (R 2n+1 , .), is the space R 2n+1 with the non-commutative law of product
where x, y, x ′ , y ′ ∈ R n , t, t ′ ∈ R and ·, · denotes the standard inner product in R n . The homogeneous dimension of H n is Q = 2n + 2. This operation endows H n with the structure of a Lie group. The Lie algebra of H n is generated by the left-invariant vector fields
These generators satisfy the non-commutative formula
is a norm with respect to the parabolic dilation which is known as Korányi gauge norm N (z, t). In other words, ρ(ξ) = (|z| 4 + t 2 ) 1 4 denotes the Heisenberg distance between ξ and the origin. Similarly, one can define the distance between (z, t) and (z ′ , t ′ ) on H n as follows:
It is clear that the vector fields X i , Y i , i = 1, 2, . . . , n are homogeneous of degree 1 under the norm ||. || H n and T is homogeneous of degree 2. The Korányi ball of center ξ 0 and radius r is defined by
where |.| is the (2n + 1)-dimensional Lebesgue measure on H n and d = 2n + 2 is the so called the homogeneous dimension of Heisenberg group H n . The Heisenberg gradient and Heisenberg Laplacian or the Laplacian-Kohn operator on H n are given by
and 
is equipped with the norm
(Ω) with respect to the norm
Proof of Theorem 1.1:
In order to prove Theorem 1.1, first, we prove the following lemma:
(Ω) be a nonnegative weak solution (not identically zero) of
in Ω, u = ∆ H n u = 0 on ∂Ω, where a and f satisfy (H2) then −∆ H n u > 0 in Ω and u > 0 in Ω. Proof. Let −∆ H n u = v. Then writing (3.1) into system form, we get
Since a(ξ)u − f (ξ, u) ≥ 0 in Ω, so by maximum principle [5] , we get v ≥ 0. By strong maximum principle, either v > 0 or v ≡ 0 in Ω. If v ≡ 0, then we have
Again by maximum principle, we get u ≡ 0, which is a contradiction and therefore v > 0 in Ω and hence −∆ H n u > 0 in Ω. Again, since −∆ H n u > 0 in Ω, by strong maximum principle, we get
Then writing (3.1) into system form, we get
Now, by using Theorem 3.35 [8] for second equation in (3.3) , we conclude that v ∈ C α (Ω) for some 0 < α < 1. Then by using Theorem 3.9 [26] , we get that u ∈ C 2,α (Ω). Again applying Theorem 3.35 [8] and Theorem 3.9 [26] for u ∈ C 2,α (Ω), we conclude that u ∈ C 4,α (Ω).
Proof of Theorem 1.1: Since u ∈ D ∩ L ∞ (Ω) be a positive solution of (1.1) so by Remark 3.2, u ∈ C 4,α (Ω). Now for any v ∈ C 2 c (Ω), we choose
and
This yields that
On rearranging the terms, we get
This implies that
By Lemma 3.1, we have −∆ H n u > 0 in Ω and this implies that
Now, using Hypothesis (H1), we obtain n , a ∈ L ∞ (B) and f ∈ C(B × R, R). Let (H1)-(H2) hold. Then, using the similar lines of proof as in Theorem 1.1, one can prove that u is stable. For the sake of brevity, we skip the details.
